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We consider  convert ing a sys tem of differential  equations for  heat and mass  t r ans fe r  in capi l -  
l a ry  porous  bodies with t rans fe r  potentials T, u, and P to a sys tem of differential  equations 
with mass  t r ans fe r  potentials  T, 0, and P. We discuss  ways of simplifying the t r ans fe r  equa-  
tions and the interrela t ionship of the heat and mass  t rans fe r  coefficients.  

In recent  yea r s  solutions of the sys tem of differential  equations of heat and mass  t r ans fe r  in capi l -  
l a r y  porous bodies have been widely used in engineering calculations in drying technology, s t ruc tura l  
thermophysics ,  and other branches  of indust ry  [1-3]. In addition, var ious  means have been employed for  
selecting fundamental t r ans fe r  charac te r i s t i c s .  For  example, in the drying of mois t  mate r ia l s ,  the t em-  
pera ture  T, mois ture  content u, and p r e s s u r e  P are  chosen as the t ransfer  potentials  in the major i ty  of 
cases ;  in other  cases ,  the tempera ture  T, the moisture  t r ans fe r  potential 0, and the p re s su re  P are  chosen. 
Although the sys tem of differential  equations that is obtained is the same, the t rans fe r  coefficients and 
thermodynamic cha rac t e r i s t i c s  are  different since they r e f e r  to different t r ans fe r  potentials.  Hence there 
a r i se  cer ta in  questions concerning the interrela t ionship among these t ransfer  coefficients.  We shall dwell 
on this in more  detail. 

1. We consider  f i r s t  the simple case of the heat and mois ture  t ransfer  in the drying of mois t  m a t e r -  
ials in which the gradient  of the total p r e s s u r e  is zero  (P = const, VP = 0). If, as  an approximation, we 
assume that the thermodynamic  cha rac t e r i s t i c s  (specific heat capaci ty and thermal  gradient  coefficient) 
and the t r ans fe r  coefficients ( thermal diffusivity and mois ture  diffusion coefficients) do not depend on the 
coordinates  of the body, then, when the var iables  T and u are  chosen as the t rans fe r  potentials,  the sys tem 
of differential  equations for  the heat and mois ture  t r ans fe r  assume the fo rm [2] 

OT er Ou 
. . . . . . . .  nUT ~ , (1) 
Or c O~ 

du 
.......... a,,,V~u i am6v"T. (2) 
0~ 

In the derivation of the equations (1) and (2) it is  assumed that the body mois ture  content u is equal to the 
body liquid mois ture  content u 2 (U ~ U2) and that the specific heat capaci ty  of the mois t  body is given by 

c : :  c 0 + c 1 u. (3) 

The thermal  gradient  coefficient 6 is r e f e r r e d  to the difference of the mois ture  contents (6 - 6u). 

Equations (1) and (2) are  derived f rom the energy  and mass  conservat ion equations with the use of the 
Four ie r  heat conduction law and the law for  the nonisothermal  diffusion of moisture  in the f o r m  

Jm = - -  a,,~PoV u - -  a,~Po6VT, (4) 

where Jm is the mois ture  flux density. 

For  the drying 0f layered mater ia l s ,  consis t ing of miscel laneous adjacent moist  bodies, we use the 
sys tem of differential  equations of heat and mois ture  t rans fe r  with t r ans fe r  potentials T and 0, since a 
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jump in moi s tu re  content occu r s  on a boundary separa t ing  individual l aye r s .  

The moi s tu re  t r a n s f e r  potent ia l  0 is  a function of the mois tu re  content  and the t e m p e r a t u r e  of the 
body; thus, 

0=+(u,  

We then have 

dO= k-~U / r ~ u dT = Cm du -k O'TdT, 

where Cm = (Ou/00)T is  the specif ic  i s o t h e r m a l  m a s s  capaci ty  (mois ture  capacity) ,  and 0~  = (~0/OT)u i s  
the t e m p e r a t u r e  coeff ic ient  of the m a s s  t r a n s f e r  potential .  

Using the re la t ion  (6), and a s suming  that the thermodynamic  c h a r a c t e r i s t i c s  C m and 0~  do not de -  
pend on the coordina tes  and the t ime,  we can write the s y s t e m  of equations (1) and (2) in the f o r m  

(5) 

(6) 

OT _ a,v2T+ erC,~ O0 (7) 
& c' O r '  

00 
& =amv 20 q- a'm6'V ~T, (8) 

where the the rmodynamic  c h a r a c t e r i s t i c s  and the t r a n s f e r  coeff ic ients  a r e ,  r e spec t ive ly ,  given by 

c ' = c + s r C m % ,  6 '=  6 + O~r( a ' - - 1 " ~ ,  (9) 
C~ ~ a~ / 

a' = Xlc'p o, a' = acld, a~ = amc'/c. (10) 
The s y s t e m  of equations (7), (8) is  ident ical  with the s y s t e m  of equations (1), (2), except  that the heat  
capac i t ies ,  the diffusion coeff ic ients ,  and the t h e r m a l  gradient  coeff ic ients  have dif ferent  magnitudes.  

The equation of moi s tu re  t r a n s f e r  (8) can be obtained f r o m  the m a s s  conserva t ion  equation 

Ou 
- -  = - -  div in (11) P0 & 

with the use of the non i so thermal  moi s tu re  conductivity law 

],~ = --- ~V 0 --~,,~6ovT, (12) 

where 60 is  the t he rm a l  gradient  coeff icient  r e f e r r e d  to the di f ference of the po ten t i a l s* :  

6 
60 0~. (13) 

Cm 

The re la t ion  (13) is  obtained in going f r o m  equation (4) to the re la t ions  (10) with the aid of the exp re s s ion  
(6). Substituting equation (12) into equation (11) and noting that  Xm and 60 do not depend on the coordina tes ,  

v 6 r  we obtain the d i f ferent ia l  equation (8) in which the exp res s ions  for  the coeff icients  a m and a re  the same  
as  those in equations (9) and (10). 

w ~i v In some p a p e r s  and books the indices  a re  omit ted  f r o m  the coeff icients  a ' ,  e ' ,  a m, and , resu l t ing  
in the i n c o r r e c t  notion that  the coeff ic ients  a ,  c, a m, and 6 a r e  the same  in the s y s t e m s  (1), (2) and (7), 
(8). It i s  n e c e s s a r y  to keep in mind that  the t r a n s f e r  potent ia ls  a r e  taken on the bas i s  of the descr ip t ion  of 
the heat  and moi s tu re  t r ans fe r .  However,  fo r  many  moi s t  m a t e r i a l s  in the p r o c e s s  of drying the quantity 
Cm0 ~ is  smal l  (not the quanti ty 0~  i tseff ,  but the produc t  Cm0~) ,  so that  e r C m 0 ~ / c  << 1; we then obtain 

c' -~c, a '==a, a~,=am. (14) 

In this case  the heat  capac i t ies ,  and the coeff ic ients  of heat  and mo i s tu re  diffusion, a r e  the same  in 
the two s y s t e m s  (1), (2) and (7), (8). 

�9 T ! If the inequal i ty  O T ( a m / a m - - 1 ) / 6  << 1 holds then 6 Cm6 ' ;  the r e v e r s e  case  co r r e sponds  to 60 = 0, 
i . e . ,  we can neglec t  the magnitude of the heat  and mois tu re  conductivi ty (the mo i s tu re  t r a n s f e r  i s  desc r ibed  
m e r e l y  by the grad ien t  of the m a s s  t r ans fe r ) ,  and we then have 

�9 The coeff ic ients  6 (grad -1) and 60 (grad m -1) have dif ferent  d imensional i t ies ;  the re fore ,  in some p ap e r s  a 
coeff icient  ~ (66 = Cm60) is  introduced.  I t  has the same  dimensionai i ty  as  6. 
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Cm6' ~ O~ (Lu -~ --1). (15) 

If the mois ture  t r an s f e r  potent ial  does not depend on the t empera tu re  (0~ = 0), the the rmal  gradient  
coeff icient  50 is  not equal to zero  (50 = 6/Cm),  since the second t e r m  in the express ion  (12) desc r ibes  the 
the rma l  mois ture  conductivity. Analogous re la t ions  hold for  nonisothermal  diffusion in b inary  gas mix tures  
in which the mass  concentra t ion gradient  can be ex p re s sed  ha t e rm s  of the gradient  of the pa r t i a l  p r e s s u r e  
and the gradient  of the t empera tu re .  In addition, i t  i s  n e c e s s a r y  to take into account the thermal  diffusion 
o r  Soret  effect  (for detai ls ,  see [4], Chap. 8) .  

By passing to the l imit  in the sys tem of equations (1), (2), we obtain, as special  cases ,  the Four i e r  
different ia l  equation of heat conduction and F ick ' s  different ia l  equation of diffusion. 

2. Under  intense evaporat ion of mois ture  inside a cap i l la ry  porous  body, a gradient  of the total p r e s -  
sure  appears ,  subject  to whose action a vapor  t r an s f e r  takes place of f i l t ra t ional  motion type. The mass  
flux densi ty j f  of such a t r an s f e r  is  given, b a s e d o n D a r c y ' s  Law, by the equation 

Jf = J~ . Ja - -  ~ l e v V p .  (16) 

The dif ferent ia l  equation descr ib ing the p r e s s u r e  field in the body is  der ived f ro m  the balance equation for  
the m a s s o f  mois t  a i r  in the po re s  and capi l la r ies  of the body 

Ou (17) 0 (u, .', tt a) . . . . .  divjf --ep o O~- P" & 

with the aid of the re la t ion (16). 

If, as an approximation,  we assume that the mois t  a i r  (vapor--gas mixture)  in the capi l la r ies  and 
pores  of the body obeys  Clapeyron's equation of state, and ff we neglect  swelling of the capil lary walls,  we 
can write 

Pod(U, ~ ua)-- MHb (dP' - -  P dT-~ P ) RT ~ -  ~ -  db , ( 1 8 )  

where b = b 1 + b 3 (saturat ion of the po re s  and capi l la r ies  by the vapor  b 1 and the a i r  b3). a 
Using the re la t ions  ~ b i = 1 and u 2 ~ u, and pe r fo rming  simple a lgebraic  manipulations,  we obtain 

the following sys tem of different ia l  equations: 

OT : K~IvZT . K12V2U _!_ Klav2p; (19) 
& 

Ou -/C~v~T +/(~2V~U + K._,3v2P; (20) 
0r 

OP 
- -  Kstv~'T -~ Ks,.V2U - Ka3v2P, (21) 

0T 

in which the coef f i c ien t s  Kij (i, j = 1, 2, 3) a re  equal to 

Kn a -~ -  cram6 er er = , K ~ 2 = - -  am, K13= - -  am~tp; (22) 
C C C 

K_,I = am6, K22 = am, K23 = am6p; (23) 

Kal = am6 \ cT -i: ~ - -  ; K3~ = am l cT + [g--~-w.n, ; (24) 

K33=a,,+a,~a,,  [ erP @vrn) k c T  + p - -  ' (25) 

where Cvm is the specif ic  capaci ty  of the vaporous mois ture  (capacity of the capi l la ry  body with r e spec t  
to the mois t  air) :  

MHb 
Cv m -  Po RT ; (26) 

ap is the coeff icient  of convective diffusion (ap = kp/CvmP0); fi i s  a coefficient,  which depends on the p o r o -  
s i ty  11 and the mois ture  content u: 
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13 __ PPo , (27) 
9.,1I - -  Po u 

i t  takes  into account  how the f rac t ion  of the p o r e s  and cap i l l a r i e s  of the body fi l led with mo i s t  a i r  v a r i e s  as  
a function of the moi s tu re  content of the body; 6p is  the re la t ive  coefficient  of f i l t ra t ional  flow of vaporous  
mois tu re :  

61, - kSa,,,9 o. (28) 

In der iving the heat  t r a n s f e r  equation (19) we made the assumpt ion  that the convective heat  t r a n s f e r  
in the p o r e s  and cap i l l a r i e s  is  a smal l  quantity, such that i t  could be neglected.  

If we take T, 0, and P as  the moi s tu re  t r a n s f e r  potent ia ls ,  the s y s t e m  of d i f ferent ia l  equations of 
heat  and m a s s  t r a n s f e r  a s s u m e s  the f o r m  

OT KIIV 2T -t- K~2V20 -I- Kl3V , (29) - -  = " 2 ~ D .  

07: 

oo g~,v~r -I- g;_~v~O -i- '<  ~ 0~ .... t~.3V" ; (30) 

OP ._ K;,v~T .~-. KJ2V20 4- KaaV2P; (31) 
0T 

where  the coeff ic ients  K~j a re  given by 

K~l ::  a'-1- erCmam 6' erCmam c' ::-: a -i- .5o; (32) 
" C 

ErCratl" m EFCmara erC m 
K;2- " c '  c ' c ' 

K~, = a;,,So-.+= a0r; K~2 = a~, K~a - am6~ ; (33) 

Cvm cT + T ' Ka2= amC,~ ~ - -  ~-- + ; Cvm cT ] 
( e e r P )  

K;3 = % + "mCm + T r -  ' (34) 

! 

the re la t ive  coeff icient  6p of the f i l t ra t ional  flow of mois tu re  is  defined in t e r m s  of the mois tu re  conductivity 
coeff icient  km: 

~, = kp = 6__2_ p . (35) P ~m Cm 

�9 �9 Y �9 . �9 ! , ~ C o m p a r i n g  the coe f f i cmn t  Ki j  and K~j, we note that  in  the c o e f f c l e n t s  Iq j  there  appears ,  as an add i t i ona l  
fac tor ,  the specif ic  i s o t h e r m a l  m a s s  capac i ty  C m  as  the t r an s f e r  coeff icient  f r o m  the mois tu re  content u to 
the moi s tu re  t r a n s f e r  potential .  Moreover ,  i t  i s  impor t an t  to note that  in der iving the s y s t e m  of equations 
(29)-(31), we did not a s s u m e  that  the t e m p e r a t u r e  coeff icient  of the moi s tu re  t r a n s f e r  potent ia l  was equal  to 
zero  (O' ~ 0). It  is  then comple te ly  na tura l  that  the t he rma l  gradient  coeff ic ients ,  5(5 = 6u) and 50, have 
dfffere T values ,  since they a r e  r e f e r r e d  to di f ferent  vapor  t r a n s f e r  potent ia ls  fo r  the same t e m p e r a t u r e  
drop. In con t ra s t  to the coeff ic ients  6p and 5b, the coeff icients  60 and 6 a r e  not d i rec t ly  p ropor t iona l  to 
each  other  (see re la t ion  (13)). 

Once again, i t  should be r e m a r k e d  that  at  t imes  the p r i m e s  on the coeff ic ients  Kij in the s y s t e m  of 
equations (29)-(31) will be omit ted;  however ,  this does not mean that  they a r e  equal  to the coeff icients  Kij 
in the s y s t e m  of equations (19)-(21). I t  can a lso  be r e m a r k e d  that Yu. A. Mikhai lov 's  calculat ions [3] show 
that  the coeff ic ients  fl and e r P / c T  a re  s ignif icant ly  l ess  than the coeff icient  e / C v m  for  a la rge  number  of 
moi s t  m a t e r i a l s ;  the re fo re ,  we can s o m e t i m e s  s impl i fy  the e x p r e s s i o n s  for  the coeff ic ients  K3j; however,  
the mos t  re l iab le  way is  to de te rmine  all  of the t r a n s f e r  coeff icients  exper imenta l ly .  

3. In making approx imate  calculat ions,  we can, in p rac t i ce ,  s impl i fy  the t r a n s f e r  equations (21) and 
(31). Since the m a s s  content of vapor  and a i r  in the cap i l l a r i e s  and p o r e s  of the body i s  negligibly smal l  in 
compar i son  with the m a s s  content  of liquid (u 1 + u 3 << uz), we can se t  the lef t  side of equation (17) equal  to 
zero.  F r o m  equation (17) we then obtain 
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Ou ( 3 6 )  s90 ~ - =  kvV ~p. 

Phys ica l ly ,  this  means  that  the total  p r e s s u r e  drop inside the body a r i s e s  only at  the expense  of evapora t ion  
of the liquid and of the p r e s e n c e  inside the body of a r e s i s t a n c e  to the vapor  motion ( res is tance  to the f i l t r a -  
t ional  flow of mois ture) .  

The re la t ion  (36) al lows us to e l imina te  the t e r m s  Kin in the s y s t e m  of equat ions (19)-(21) and to r e -  
duce it  to the s y s t e m  (1)-(2), and to reduce  the s y s t e m  of equations (29)-(31) to the s y s t e m  (7)-(8). T h e r e -  
fore ,  the s y s t e m  of equat ions m o s t  widely used in drying technology is  the s y s t e m  of equations (1)-(2) o r  the 
s y s t e m  (7)-(8), analogous to it. 

These  s impl i f ica t ions  can be extended into reg ions  of the body in a mo i s t  condition. Fo r  a moi s tu re  
content of the body l a r g e r  than hydroscopic ,  the vapor  p r e s s u r e  of the m a t e r i a l  does not depend on the 
moi s tu re  content but only on the t e m p e r a t u r e  (the p r e s s u r e  of the sa tu ra ted  vapor  i s  a s ing le -va lued  func-  
tion of the t empera tu re ) ;  then for  a suff icient ly intense evapora t ion  of liquid inside the body, the total  p r e s -  
sure  P inside the body is  a function of the t e m p e r a t u r e  only (P = f(T)). As an approximat ion ,  we can wri te  

Ou ( O P )  (37) 
epo ~ = kp ~f-  v~T. 

In this case  the heat  t r a n s f e r  d i f ferent ia l  equation becomes  the usual Fou r i e r  d i f ferent ia l  equation of heat  
conduction with an effect ive t h e r m a l  conductivi ty coeff icient  taking account  of the expendi ture  of heat  in the 
evapora t ion  of liquid inside the body (for deta i ls ,  see [4]). However,  for  an intense evapora t ion  of liquid 
inside the body and la rge  mo i s tu re  flows, i t  i s  n e c e s s a r y  to take into account  the convect ive component  of 
hea t  t r a n s f e r  inside the body. In this case  the equation of heat  t r a n s f e r  has  the f o r m  

cp~ = ~,v~T -:- er9o ~ ~ cp~ jmivT. (38) 
i 

Moreover ,  f r o m  all  the m a s s  f luxes j m i  (i = 1, 2,3) a p r inc ipa l  one is  se lec ted ,  depending on the r e g i m e s  
of the drying p a r a m e t e r s .  

4. In conclusion,  i t  should be r e m a r k e d  that a c r i t e r ion  s for  a phase  t r ans fo rma t ion  is  the non-  
s t a t ionary  moi s tu re  t r a n s f e r  cha r ac t e r i s t i c .  It  was in t roduced as  the c h a r a c t e r i s t i c  of a vaporous  mois tu re  
source  accord ing  to the re la t ion  

Ou (39) Ijo - - -  l . , i  = :  s 9 ~  - -  �9 
" " 0 T  

F o r  s ta t ionary  mois tu re  t r a n s f e r  the e x p r e s s i o n  for  the source  mus t  be different ,  since in this case  0u/a-r 
--* 0, s ~ ~o, and, consequently,  the value of the source  in re la t ion  (39) has an inde te rminacy .  This inde-  
t e r m i n a c y  is  e a s i l y  reso lved ;  we then obtain 

Ii~ --- I~1 = div Jl -- amlPoV 2u ;- ar, lPo~lV T. (40) 

The quantity aml51 is  the t h e r m a l  diffusion coeff icient  for  the diffusion of the vaporous  moi s tu re  into 
the cap i l l a ry  p o r o u s  body (a~l = am161). It  i s  a s s u m e d  here  that the coeff ic ients  a rm,  61 do not depend on 
the coordinates .  The re la t ion  (40) is  the mos t  genera l  exp re s s ion  for  the vaporous  moi s tu re  source  I12; it  
is  even valid for  nons ta t ionary  moi s tu re  t r ans fe r .  We obtain the expres s ion  (39) f r o m  it  as  a spec ia l  case .  
Then, in place of the s y s t e m  of equations (1)-(2), we shall  have a s y s t e m  of d i f ferent ia l  equations analogous 
to the s y s t e m  of equations (19)-(20) withoutthe t e r m s  V2p: 

OT _ :K;1v2T + K~2V2U; (41) 
0v 

Ou -- K~Iv2T 4- K~,V ~u, ( 4 2 )  
O'r 

I1 ~ 
where the coeff ic ients  Kij(i, j : 1, 2) a r e  equal  to 

r rrz - ri__L.2. (43) 
K I ' I  : • ~5- a m l ~  1 Y12 : a T at~,I - -  , K I 2  : am1 , 

C C C 

K;;~ = am6, K ~  = am. (44) 

15 



t! II 
Comparing the re la t ions  (43)-(44) with the re la t ions  (22)-(23), we find that K21 = K2X, K22 = K22; the coef -  
f icients  K~ and Ki" 2 a re ,  respect ive ly ,  equal to the coefficients Iql and Iq2 if  we put e = aml/am and 6 = 61 

(for detai ls  concerning such assumptions,  see [6]}. 

Thus the sys tem of di f ferent ia l  equations (41)-(42) of heat and mass  t r ans fe r  can be used for  calcula-  
tions of mois ture  and heat  t r ans fe r  in capi l la ry  porous  bodies for  a r b i t r a r y  changes in u and T, including, 
in fact ,  s ta t ionary  p roces se s .  The solution of the sys tem of equations (41)-(42) is  used in s t ruc tura l  t he r -  
mophysics ,  in the calculations of a number  of chemical - - indust r ia l  p roces se s ,  and also in the t rea tment  of 
exper imenta l  methods of determining the thermophysica l  p roper t i e s  of mois t  mate r ia l s .  Quite natural ly,  
the sys tem of equations (41)-(42) can be genera l ized  by introducing the additional mois ture  t r ans fe r  poten-  
tial P. As a resul t ,  we obtain the sys tem of equations (19)-(21) o r  the sys tem (29)-(31) in which, in the 
fo rmulas  fo r  the coefficients  Kij and K~j, there  appear ,  in place of the c r i t e r ion  e, the coefficients  of dif-  
fusion am_ 1 and thermal  diffusion (a T = am151) of the vaporous mois ture .  

Thus the sys tems  of differential  equations of heat  and mass  t rans fe r ,  (19)-(21) or  (29)-(31), a re  the 
most  genera l  sys tems  of equations for  the diffusion t r ans fe r  of heat and mois ture  in capi l la ry  porous  bodies 
with kinetic coeff icients  in which, instead of the phase t ransformat ion  coefficient ,  there  appear  coeff icients  
of diffusion and thermal  diffusion or  the coefficient  fo r  the f i l t rat ional  t r ans fe r  of vaporous mois ture .  
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is  the mois ture  content of body; 
is the t empera tu re ;  
is  the total p r e s s u r e  of a i r  inside body; 
is  the specific heat capaci ty of mois t  body; 
is the specif ic  heat capaci ty of absolute d ry  body; 
is  the specif ic  heat  capaci ty  of fluid; 
is  the thermal  diffusivity of mois t  body; 
is  the thermal  conductivity of body; 
is  the density of absolute d ry  body; 
is  the time; 
Is the mass  (moisture) t r ans fe r  potential;  
i s  the specific i so the rmal  mass  capaci ty of body; 
Is the t empera tu re  coefficient  of mass  t r ans fe r ;  
Is the specific heat of evaporat ion (r --- r12 -= r21); 
Is the c r i t e r ion  of phase t ransi t ion of fluid into vapor;  
Is the the rmo-grad ien t  coefficient  r e f e r r e d  to mois ture  content di f ference;  
is  the mois ture  conductivity; 
is  the molecular  mass  of humid a i r ;  
Is the poros i ty ;  
zs the saturat ion of po res  and capi l la r ies  of body with mois ture ;  
is  the universa l  gas constant;  
Is the i sobar ic  heat capacity;  
Is the specific capacity of vaporous  mois ture ;  
is  the convective diffusivity; 
is  the coeff icient  of f i l t rat ional  t r ans fe r  of vaporous mois ture ;  
is  the re la t ive  coefficient  of f i l t ra t ioaa[  flow of vaporous mois ture ;  
Is the densi ty or  concentrat ion;  
is  the coeff icient  de termined  by formula  (27) Remaining designations a re  given in text. 

S u b s c r i p t  
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12 
21 

denotes 
denote s 
denotes 
denotes 
denotes 
denotes 
denotes 

the d ry  body skeleton; 
the vapor;  
the liquid; 
the a i r ;  
the mois ture  mass  flow (i, j = 1, 2,3);  
the t ransi t ion f rom vapor  into liquid (condensation); 
the liquid evaporat ion (in fo rmulas  (39), (40), and (43)). 
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